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CCR representations and time operators

Let [-,] be the commutator defined by
[A,B] = AB—BA
for linear operators A and B on a vector space D.
o Example 1: For d-dimensional matrices S and T,
[S,T] # O.

o Example 2: For differential operator dx and the multiplication
operator x, since dxxf = xdxf + f, we have

[0x,x] = 1.
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CCR representations and time operators

Let A and B be linear operators on a complex Hilbert space .77,

satisfying the canonical commutation relation (CCR)

A,B] = —il
on a dense subspace
2 C D(AB)ND(BA)

@ We call 2 a CCR-domain for the pair (A, B).
® (7,9,{A,B}) is called a representation of CCR
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CCR representations and time operators

Extension to d-degree system

Let A; and B; be linear operators on .77, and dense & C ¢ such that
2 CNY41[D(A;B) ND(BA;) N D(AAr) N D(B;By)].

Then
(A, 2,{A4;,Bj|lj=1,....,d})

is also called a representation of CCR if
[Aj, Bl = —idjl, [Aj,Al] =0=[Bj, By

hold on 2.
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CCR representations and time operators
Example

P; = —idxj, Qi = x; X
Example 1 [P; QJ] s 1<j,j<d
Example 2 [— Z] i TAB] —il, where

1 1 1

Example 3 [f(P),Tf| = —il, where

1
=5 Rl Qg

Example 4 [VP>+1,T|=—il, T =---
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CCR representations and time operators

One may infer that self-adjoint operator H may have a symmetric
operator T corresponding to time, satisfying CCR

[H,Ty) = —il.

Such an operator Ty is called a time operator of H.

LetHp =E¢. Then [H,T|¢ = (H—E)T¢$ = —i¢ and

To=—i(H—E) '¢?

Thus ¢ ¢ D(T) for any e.v. ¢ of H.
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Hierarchy of time operators
Hierarchy of time operators

[Weyl relation] A pair (A, B) consisting of self-adjoint operators A and
Bis called a weak Weyl representation if the Weyl relations holds:

e*ttAeftsBlI/ _ etsteftsBefttAW t,s€ R

[Weak Weyl relation] A pair (A, B) consisting of a self-adjoint operator
A and symmetric operator B is called a weak Weyl representation if

e "D(B) C D(B) Be "y =e¢ " (B+1)y

holds for all y € D(B) and all r € R.

Weyl relation = weak Weyl relation —-CCR
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Hierarchy of time operators

Definition (Ultra-strong time operator)

A self-adjoint operator T is called a ultra-strong time operator of H if
(H,T) is a Weyl representation.

Definition (Strong time operator)

A symmetric operator T is called a strong time operator of H on /7 if
(H,T) is a weak Weyl representation.

[Remark1] Let H > « and T be the strong time operator of H. Then T
has no self-adjoint extension!

[Remark?2] Let T be a strong time operator of H. Then o (H) is purely
absolutely cont. In particular if H has an eigenvalue, then H has no
strong time operator.
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Hierarchy of time operators

Definition (weak time operator)
A symmetric operator 7 is called a weak time operator of H if a dense
subspace 3%, C D(T)ND(H) s.t.

(H¢7TW)_(T¢7HW):_I(¢aW)7 ¢a‘lf€ gw-

We call 2, a weak-CCR domain for the pair (H,T).
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Hierarchy of time operators

Definition (Ultra-weak time operator)
Let 2, and 2, be dense subspaces of 7#. A sesquilinear form

9 x99, —C

is called a ultra-weak time operator of H if dense subspaces
32,3& C 2,1 2, such that (i)—(iii) hold:

() € cDH)N,
(i) t{o,y]" =t{y.¢9]. 0,y € 2,
(i) HE ¢ 9y
tHo, v —tHy, 0" =—i(¢,y) vy.9c&.

We call & an ultra-weak CCR-domain for (H,t) and 2 a symmetric
domain of t.
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Hierarchy of time operators

Weak time operator C ultra weak time operator \

@ Let T be a weak time operator of H.
@ tr : 7 x D(T) — C defined by

tT[q)aW]:((paTW)? ¢€%7WGD(T)‘

@ t; is an ultra-weak time operator of H.
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Hierarchy of time operators

Weak time operator C ultra weak time operator

@ Let T be a weak time operator of H.
@ tr : 7 x D(T) — C defined by

tT[q)aW]:((paTW)? (PE%?VJGD(T)‘
@ t; is an ultra-weak time operator of H.

5 classes of time operators
ultra-strong time C strong time C time C weak time C ultra-weak time
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Hierarchy of time operators

Idea of constructing time operator of H

The purpose of my talk is to find ultra-weak time operator of

1 d
H=3 ;P}+V(Q) = Hye ® Hye © H,.
j:

o T, strong time operator of absolutely cont. part H,. (scattering
theory).

o t,: ultra weak time operator of point spectrum part: H,.
@ The absence of singular cont. part: Hy..
Then
T+t

is an ultra weak time operator of H.

Fumio Hiroshima Time operator



Absolutely continuous spectrum and strong time operators

Absolutely continuous spectrum and strong time operators

Scattering theory

Let Hy = %Zj sz. Under some condition on V we have Hy = UH,.U !
with some unitary operator (wave operator) U.

[Ho, Tag] = —il

Theorem (Arai (06), Strong time operators)

T,z =U ~IT\sU is a strong time operator of H,.. l.e.,

[Hue, Tip) = —il.
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Discrete spectrum and ultra-weak time operators
Discrete spectrum and ultra-weak time operators

How can we construct a time operator of H,?

Galapon(02), Arai-Matsuzawa(08)

Let {e,};,_, be a complete orthonormal bases. Suppose that
o(H) ={E;}7_,, every E; is simple, and Y.7_; £, < . Then
J

T¢—lz (Z é‘jm’gﬂ)en

n=1 \m#n

is a time operator of H. l.e., [H,T]|¢ = —i¢.
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Discrete spectrum and ultra-weak time operators

Discrete spectrum and ultra-weak time operators

How can we construct a time operator of H,?

Galapon(02), Arai-Matsuzawa(08)

Let {e,};,_, be a complete orthonormal bases. Suppose that
o(H) ={E;}7_,, every E; is simple, and Y7, 7> < . Then
J

ro=iy (Z ,ﬁf"ﬁ",;fn)en

n=1

is a time operator of H. l.e., [H,T]|¢ = —i¢.

Ultra-weak time operator of the case 6(H) = oyis.(H) = {E, }**

n=1

o [E, — oo] Let lim,, . E,, = . Then time operator 3T of H.

o [E, = 0] Let E, <0, lim,,.. E, =0 and 0 € 6,(H). Then ultra weak
time operator 37 of H.
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Discrete spectrum and ultra-weak time operators

Definition (class S(7))

A self-adjoint operator H on ¢ is said to be in the class S(.7¢) if it has the

following properties (H.1)—(H.4):

(H.1) o« (H)=0.

(H2) 0u(H) = [0,0).

(H.3) O-disc(H) = Gp(H) = {En};ozl, Eil<E;<---<0,lim, . E, =0
(hence 0 € 6,(H)).

(H.4) There exists a strong time operator T, of H,. in 5,.(H).
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Discrete spectrum and ultra-weak time operators

Theorem (Arai-H.(16) Ultra-weak time operator of H)
Let H € S(¢). Then 3ty ultra-weak time operator

Proof: H=H, ® H,.
@ By (H.3), H, has an ultra-weak time op. t, such that

t[Hpd W] =4[, Hyy] = —i(¢,y), ¢,y €36,
® By (H.4), H,. has a strong time operator T, such that
[Hae, Tac] = —il
@ty : (o (H)DDy) x (D(Tae) ® Z,) — C by

t[01 © 02, v1 D Y] = (01, Tuc 1) + 4, (02, Y.
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Discrete spectrum and ultra-weak time operators

Example (Agmon potential)
Let d > 3. Suppose that U € L*(R?). Then

U(x
V= ey

is an Agmon potential for all € > 0. Suppose that U is negative, continuous,
spherically symmetric and satisfies that U (x) = —1/|x|* for |x| > R with
O<a<landR >0. Let2e+ o < 2. Then H has an ultra-weak time
operator.

Example (hydrogen atom)

The hydrogen Schrodinger operator Hyyg = —A — /x| is self-adjoint with
D(Hyya) = D(Hp). The Coulomb potential —y/|x| with d = 3 is not an
Agmon potential. But we can show that Hyyg has an ultra-weak time operator.
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Summary
Summary

(1) We construct an ultra-weak time operator t of H = 1P>+V(Q):

t(H¢’ II/) - t(HW7 ¢)* = _i(¢7 W)

(2) tis densely defined.

(8-1) We assume oy.(H) =0 and 0 € o,(H).
(3-2) We assume #0y5.(H) = o Of #0,;5.(H) = 0.
(4) Hyyq is included in our results.

Reference: A. Arai and F. Hiroshima, Ultra-Weak Time Operators of
Schrédinger Operators, arXiv:1607.04702, 2016
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